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Abstract

This paperis concernedvith probability densityestimationin high-dimensimal settings.Simplified geometricargu-
mentsand supportingexamplespoint to a performare bourd which limits algorithm performane to that of either(1)
nearest-neighbroor (2) single-lernel PDF estimators.A methodof monitoring PDF estimationperformane aswell as
recommendatiamfor neuralnetandclassificatioralgorithmpractitionerss provided.

1 Introduction

The subjectof this pape is nonparanetric prokability densityfunction (PDF) estimationin high-dmension& settings.
As suchiit is relevant to signalprocessingestimationandclassification.

We refer hereinto the datadimersion as P, the largestnurber of randan variables to be consideed at once,i.e.
in ajoint distribution. Whenthe form of the PDF to estimateis entirely unkmown andmustbe estimatedrom training
data,the PDF value itself at quanized “grid cell” locationseffectively becane paraméersto estimate. The nunber of
paraneterseffectively risesexponentiallywith P. Therapidincreasein compgexity of systemsasbeentermedthecurse
of dimensioality by RichardBellman[1]. Indeed it hasbeenshavn thatgiventhatthe PDF meetscertainsmodhness
assumptiog, the amount of trainingdatarequired for norparaméric estimatorgisesexponentiallyin P [2]. It is conjec-
turedby someresearchrsthatthe undelying structureof the datain mostproblemshasa dimensionrarely larger than
abou 4 or 5[3]. Thus,somekind of transfamationor projectian ontoa lower dimensioml manifoldis reconmended
Themostobviousmethal of dimensiorredictionis simplyto discarctheleastimportantfeatures, aproces<alledfeatuie
selectiona well-studiedproblemin itself [4], [5]. Thedilemmeis thatthe true informationconten of a featurecanrot
be measuredvithout a goad joint PDF estimateof all the featues. Onthe otherhand,a goad PDF estimatecanrot be
obtainel ata highdimension As featuresareadded, increasingP, it is possiblethatalgorithmperformarce mayactually
getworsein spiteof informationcontentof theaddedfeature.Lik ewise, eliminating aninformationbearingfeaturemay
actuallyimprove performarce. Dimensionrediction is a subjectof ongang research6], [7], [3], [8]. Thatdimensiol-
ity is anoverriding problem may at first contradct the factthat PDF estimatordhave beenemployed successfullyat very
high dimension In this paper we argue thatin suchapgications,true PDF estimationis not happaing. Whatis really
hapgeningis explainedbelow in the context of oneof two possibleprimitive PDF estimators.

Projection of the PDF estimateontooneor two dimersionsis aneffective methodof monitoing PDFaccurag. If the
low-dimensionalprojections areflawed, so mustbe the PDF estimateon R . But accurateprojections do not guaratee
good PDF estimates. It is easyto be “fooled” by the appaent size of the kernels. An exanple that illustratesthis
pheromena is thefollowing [3]. Let themaginal distribution of eachdatadimensiorbedistributeduniformly within the
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intervd [—1, 1]. Thedatais therebre containedn the hypercube[—1, 1]¥. Imaginea radius-1lhyperspherénscribel
insidethehypercule, touding thecenterof each'face”. As P grows, thefractionof datathatfalls insidethe hypersphee
falls exponentiallyto zero. This is courterintuitive becasetheinscribedhyperspheres very largewhenprgectedonto
ary axis. We suggestinalternateapgoachthatis notaseasilyfooled

The objectof this paperis not to offer a solutionto the dimersionality prablem, but to offer an explarationfor its
existenceandargue thatit is not solvalle whenattacled asa high-dimersionalprodem. Solutiors areofferedin other
papes [9], [10].

We begin the paperwith a geonetric argumentto exposethe natue of the curseof dimensiomlity. Thisagumentis
conciselyrepresenté by heuristicbhourd on perfamance.This providesa settingfor the remainer of the paper Next,
we suggesimethod of assessing®DF accuray thatdo not rely on classifierperfamance We endthe paperwith our
concluding remaks andrecanmendtions.

2 Heuristic Performance Bounds

Theimpets for this work wasthatin high dimensioal prodems, it wasfoundfrom expeiiencethat:

1. Comple classifiersrarelywork betterthansimpleclassifierg(Fishers linear discriminant, quadatic Bayesianor
NearesiNeighlor classifiers).

2. Simpleclassifiergendto improve asthefeaturesetdimensiorincreases.

3. Comple classifieramprove with increasinglimersioninitially, but thenperfamancestopsimproving, or drogs as
dimersionincreasesAs dimensim contiruesto increaseperformarce sometimesmproves.

Theargumentsto be preseted attemptto explain this behaior usingsimplegeoméric arguments. By no meansdo we
attemptto find quartitative resultsthatcanbeverifiedexpeimentally However, becaus¢heargumentsarebasic,it shoud
be clearto thereades whetheror notthe assumptionsreapplicatbe to their prodems.

1. This paperassumeshat periormane of algorithirs is deperlentonly on PDF estimation. Clearly classification
performarce depems only on accuate PDF estimationin the boundaryregions betweersignalclassesYet, it can
bearguedthatif we limit ourselvesto speakingabouttheselocalizedregions only, the sameargumentshold.

2. We make argumentshasedn kernel-tasedPDF estimation It canbe saidthatour agumentsdo not applyto other
methals. However considetthat:

(a) theminimum prokability of erra is achievedin theoryby the probalilistic Bayesiarclassifierwhichrequres
thePDF[11],

(b) kernelbased®DFestimatorgorverge to thetrue PDF givensmootmessof the PDF, enowgh dataandenaugh
kernels[12],

(c) MostNeurd NetworksactuallyarePDF estimatorg13].
To develop alanguagefor theargumentsto be preseted, we conside four broal classe®f PDFestimators:

1. Variable Basis Function (VBF) ThePDFis apprximatedasa sumof positive basisfunctions. It is assumedhat
the appoximationalgorithm maximzesthe appoximatian fit to the training databy deternining the bestsetof
basisfunctionlocatiors andindividual shapesandsizes.

2. Uniform Basis Function (UBF) The PDF is apprximatedas a sum of positive basisfunctions with the con-
straintthatall basisfunctionsareidentical except for location This includesPNN andhomacedastidGaussian
mixturesandappliesin a broad senseo to the casewhenall basisfunctions have the samevolume for exampe
stroploscedastienixtures[14]. It is assumedhatthe appioximationalgoithm maximizesthe appoximatim fit to
thetrainingdataby deternining the bestsetof basisfunction locatimsandoverall basisfunction size.

3. SingleBasisFunction (SBF) Thisis thespecialaseof thefirsttwo methalswherethereis only onebasisfunction.
It is assumedhatthe approimationalgoritrm maximizeghe appraimationfit to thetrainingdataby deternining
thebestsinglebasisfunction (location shapeandsize). Examplesarethe quadatic-Bayesiarclassifieror Fishers
lineardiscriminar.



4. K-Nearest Neighbor (KNN) Theprolability dersity is estimatedrom thevolume of aball (or otherbasisfunction)
thatcontairs K sampledrom thetraining set.

In this pape we usethetermskernelandbasisfunction intercrangealy.

Considerthe problem of estimatingan arbitrayy PDF from N datasamplesof a randan variabe x usinga UBF
PDF estimate.The PDFis thenusedin analgorithm whoseperfamancemay be quariified. Considerx to be infinite-
dimensimal (suchdatamay be formedby addirg rancbm noninformative datato eachsampleof a finite-dimensional
dataset). Let x¥" bethefirst P dimersionsof x, with PDF p,.(x¥). Let I(p,) definethe expectedperormarce of the
algoritrm whenp . (xF’) is used.Clearly,

I(pr) 2 I(pa); P> Q.

Let p»(xF) beanestimateof p, (xF) derived from N datasamplesAssumethat

I(ﬁP) < I(pP)'

Let the probability massof p,(xf’) be confired (mostly) to the P-dimersional hypercule definedby 0 < z; <
D, i =1,...,P andlet dy be the smallestdimersion of local varidions in p,(xf). The determingion of dq is
illustratedin Figurel. In thefigure,d, is determired separatelyor eachdimensionby the smallestvariationor “peak’
in a sectionalkslice at a fixedvalueof the otherdimersion(s). It is the largestkerrel width in thatdimensionthata UBF
estimatornf the PDF couldhave andstill provide anaccurateappioximation to thetrue PDFE For simplicity, we assumet
is thesamefor eachdimensioni.e. dy ; = dy. Let Q(N, P, M, d) betheexpectedalgoithm perfamancewvhenthe PDF

Figure 1: Determinatiorof dy from datasamples.

is apprximatedusinga UBF mixture with A/ mixture compnentsof diameterd, and obtaired from N datasamples.
TheHeuristic PerformanceBourds statethat

Q(N,P,M,d) < I(pr) A(d)

Q(N,P,M,d) < I(ps)V(M,d,P). @

We now describeeachterm.
¢ We havedescribed (p;r ), theideal expectedperformarce,above.

e A(d) isthePotentid Accuracy for M infinite. Thistermrepresentsthelossdueonly to thediameterof the mixture
compners, d exceedng do (i.e.,for M infinite). A(d) is suchthat

lim A(d) = 1

d—dp
A(dy) < A(ds), dy<dy

limA(d) = a>0
d—D



Thelaststatemensaysthatperfamancedoesnotgoto zero,evenfor very large kerneldiametes. Onthecontray,
performarce appoacheghatof a SBF PDF estimator An exampleof afunction meetingtheserequrementss

do/d

A@ = o+ (-2

)

V (M, d, P) represets thelossdueonly to volume coverage Clearlythevolumeoccuped by the appioximationis
no greate thanMd” . Let volumeoccuped by p,(x*) bedendedVy = (yvD)F, where0 < v < 1. Thepointat
which the volume of the appraimationmatcheghe volumeoccipiedby p » (x*) is whenMd” = V;. Definethis

poirt to bed* £ (%)% =~DM~%. Thus,

lim V(M,d,P) = 1
d—D

V(M,dl,P) < V(M,dz,P), dy > dy

limV(M,d,P) = B>0
d—0

Thelaststatemensaysthatperformarcedoesnotgoto zero,evenfor very smalldiametersOnthecontiary, perfa-

mane appracheghatof aKNN classifier We have assumedhat M is essentiallyfixedby theamount of available
data,N. Theamoun of dataneededo estimatethe paranetersof eachmixture commnentis appioximatelylinear
in P (e.g.[15]). Thisweakdepadencemaybeignored. It shoud beexpectel thatV' (M, d, P) drops veryrapidly
to B asd fallsbelov d*. An exampleof a function meetingtheserequrementss

MdF

V(M. P)= B+ (= B) i |

We have mentimedalreadythework of Stone[2] which derivesthefactthataccuratd®DFestimatiorrequres N to
increaeexporentiallyin P. This corrobordesthe above analysisif we suppaethattheamoun of trainingdatais
roughly proportional to M, say N = kM. In order to remainbelow thecritical poirt of volume collapsewe need

P
N>k (%) . Someresearches have derived similar expressiondasedon specialcased6],[3], [16].

At this point, it is possibleto make a very importantobseration: A(d) falls asd increasesoward D, but V (M, d, P)

1 i
falls rapidly asd deceaseselov d*. But, d* = (¥2)* = vD (&) » appoachesyD asP rises. Thisis illustratedin
Figure2. So,it maybe condudedthatas P increasesperfamancebecomedimited to eithera or 8, depenling on the

Performance Factor

V(d*P)
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Figure2: Ided perfamancecannever be achievedfor high P. EitherPotentialAccurag or VolumeCoverageis small.
Forthisplot, M =16, 8=a=0.1,dy = .1,y=1

valueof d. We call the condtion whend < d* andperformane appoachess the collapsedkernel (CK) effect. We call
thecondtion whenperformarceapprachesxy theexpanadkernel (EK) effect. We call this thefundamentalkradeof, the



tradedf associateavith oversmoothingvs. undesmootliing. While mary praditionersattemptto find acompomise,we
amgue thatat high dimensims, onecannever escapesuffering the brunt of oneor theother

It is possibleto relateCK andEK effectsto “primitive’ classifierssuchasSBFandKNN. The performarceof anSBF
classifieris a becaus¢he SBF kerrel is matchedo the volume of thedataPDF. The perfomanceof a KNN classifieris
B. A UBF or VBF classifierwith very narrov basisfunctions(d < d*) anda kernellocatedat eachtraining sampleis
equivalentto a KNN. It canbe arguedthat UBF andVBF classifierswith morethanonetraining sampleperkerné still
have a similar behaior becausef the nartownessof the kernels. From this standpint, it is clearwhy somecomplex
NeuralNetworks work no betterthatsimpleSBFor KNN classifiers.

In classificatiorproblens, the valuesof « ands depenl ontheclustershagsandrelative locatiors of clustersin the
high-dimensioml space.

1. If theclassesarewell-separted andunimodal,« and3 maybothbe high andeitheran SBF or Nearest-Neighor
classifiewill work well.

2. If they areunimadal but notwell separatedy will behigh, but 8 will below andSBF classifieris recomnended.

3. If their shapesare comple, yet are well separateds will be high, but a will be low anda Nearest-Neigbor
classifieris recanmended.

4. In practicetheabove two conditimsmayexist simultaneosly in differentpartsof thedataspacebecasgereal-word
datais nothonogeneus.VBF classifieranayalsoexhibit alittle of bothcondtions.

3 Supporting Example

Virtually all PDFestimatiommethod (including neuralnets[13]) areconsistenin thesenseahatthereis acertaintencengy
to corverge to the true PDF estimategiven enowh training dataand/orlow enowgh dimersion. Therre are numerous
method of PDF estimation(for comparative studiesand overviews see[4], [3], [17]). In this examge, we utilize a
multivariate PDF estimationappioachbasedon a heter@cedastidGaussiammixture (GM) appoximatin. A widely
acceptedechniaqie for estimatingthe parametes of the GM modelis the EM algorithm[11],[18]. The EM algorithm
suffersfrom numeical prodemswhenthereis insufficient dataleadirg someresearchrsto avoid it [17] or constrairnthe
covariancesof the kernelsto beidentical[19], or of uniform sizewith variable rotation[14]. Adding to the covariance
estimatedasedn aBayesiarprior densityargumentis the prefered methal of dealingwith the problem[20], [21]. This
involvessimply addinga diagoral matrix, repesentinganindgpendetbmeasuremntnoiseprior, to thekernelcovariances
ateachiteration We have obtaired excellentresultswith this method

Whenthe PDFis estimatedy optimizingthelik elihoodfunction, suchasanEM algoiithm, thetotallikelihoad of the
training datais maxinized. Thetefore,kernelsarecaudit in opposingforces. Kernelsmustbecone smallerto increase
theirlikelihoad value,but larger to encanpasanoredata.As P increasesith N andM fixed,a givennunberof training
sample®ccpiesanexponentiallydecreasig fractionof thedatavolume.Kernelstendto becomeassociatewvith disjoint
“subsets”of training dataandtightly enclosethe datasubsetsn order to maximizethelikelihood In thelimit, the data
“subsets”’occupy subspacesf zerovolume However, dependingon how the algoithm is initialized, thesesubspaces
have arbitral orientdionsandtherefae appea“wide” whenprojectedontoa given2-dimersions.As a visualexamge,
consideraflat disk-stapedkerrel in a 3-dimensionalolumeenclosing3 widely separatedrainingdatapoirts in aplane.
Whenprojectedonto 2 dimensiams, unlessthetwo basisfunctionsuponwhichit is prgectedarealignedjust right, it will
appeawide. Thus, it makessenseahatunlesskerne width is constrainedthe algoithm will tendtoward CK effect, yet
theprgectionof the PDFappioximatian onto2 dimensios will widen. The useof Bayesiarpriors,asmenticmmedabove,
preventsthe kernds from collapsingto zerovolume, but thefractioral volumestill deceasegxponentially

Figures 3 throwgh 5 illustrate this effect. The upper portion of eachplot is a scatterdiagran of the datasamples
availablein thetraining set. The lower pottion is a contou plot of theindividual kernelsat a fixed level. The Gaussian
Mixture is mamginalized (effectively integratedover all the remainirg dimensioms). The figuresrepresena sequencef
increasingP. Thenumter of kernelsis 5 in all casesTheapparat kerrel widthsgradually widen.

4 Monitoring PDF Accuracy

We have argued that PDF appraimation is the weaklink in high-dmensioral algoithm perfamance But how is it
possibleto monitor PDF appoximationaccurag without knowing thetrue PDF?In this sectionwe presensomeideas.



Figure3: GaussiaMixture apprximationestimatedat P = 2.

class 1

Figure4: GaussiarMixture appoximation estimatedat P = 14 andprojectedontotwo dimersions.

Figure5: GaussiarMixture appoximation estimatedat P = 44 andprojectedontotwo dimersions.
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Figure6: Histograns of theLog Lik elihoad for TestingdataandSyntheticdata,P = 44. Solid: testing,dashedsynthetic.
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Figure7: Histograns of the Log Lik elihood for TestingdataandSynthetic data,P = 2. Solid: testing,dashedsynthetic.

In oneandtwo dimersions,it is possibleto createplots suchasFigures3 to visually inspectthe PDF appoximatian
compmring with actualdatahistogams. But in higher dimersions,it is no longer feasible. It is necessaryo projectthe
multidimensionaldataand PDF appraimation down to oneor two dimensims to visualizeit. But still, suchmethals
depemnl onthe chdce of projection.

An ideawe like is the following: Let therebe 3 datasets,training datax ’™, testingdatax”*®, andsyntheticdata
x5Y. After obtairing a PDF estimatep(x) from x*7, generatea population of syntheticdatax ¢ basedon p(x). Then
comprehistograns of log p(x7*), andlog p(x¥). Compaing thesehistograns canlocatetelltale prodems. If p(x) is a
goodappraimationto p(x), thetwo histogamswill match.However, if CK effectoccus, log p(x T') will exhibit avery
wide spreadof valuesincluding somevery large negative samples|If thetestingdatafalls insidethe narrav kernels,the
likelihoad will betoo high, if it falls outside,it will be muchtoo low. If EK effect wereto occu, the spreadof values
would benarow. Furthemore,EK effed would bequitevisible in the 2-D projectins.

ConsiderFigure6, createdor a PDF estimateof dimensiond4 (seeFigure5). This shavs thetestingdatahasboth
highe andlowervaluesof likelihoad thanthe synttetic data,indicating CK effect.

The experimentwasrepegedfor the caseof Figure3 (P = 2) andtheresultis plottedin Figure7. The histogams
aremuchbettermatchedndicding a betterPDF estimate. The methal compgessesanenormousamount of information
into a singleplot andmay provide the basisof non-subjectve measuresf fit suchastotal log-ik elihoodof testingdata.
This methodis not foolproof sincethe matchingof the log-likelihood distributions is not a guaanteeof a correct PDF
estimate Combinedwith the 2-D projecticn methal, however, it is a powerful test.



5 Conclusions and Recommendations

Startingfrom the premisethatdimensiomlity playsa centralrole in algorithmperiormarce, a apprximate“conceptual”
equatia of dimensiomlity hasbeenpresented The behaior of classifiersat higherdimersion hasbeenexplained in
the context of this relationship Specifically classifiersshav a tendeng to perform similarly to oneof two “primiti ve’
classifiersia nearesheigtbor classifieror a single-lemel classifier or somevherebetweerthetwo.

We highly recomnend doing threethings wheneer a nev PDF estimatoris evaluated (1) Plotting mamginalized
PDF intensityanddatascatterdiagrans in 2 dimersionsor datahistogamstogethewith mamginalized PDF curves, (2)
plotting KNN and SBF perfamanceon the samegraph asary new algorithmperfamance (3) plotting histogamsof
log-likelihoodfor the two datapopulations: testingdataand datasynthesizedrom the trainedPDF model. This will
(a) locatePDF appraimation errors, (b) put perfomancein the perspectie of “primitive” method (c) anddetermire
whetherCK or EK effeds arehappening
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